Quantum Lovász number is a quantum generalization of the Lovász number in graph theory. It is the best known efficiently computable upper bound of the entanglementassisted zero-error classical capacity of a quantum channel. However, it remains an intriguing open problem whether quantum entanglement can always enhance the zero-error capacity to achieve the quantum Lovász number. In this paper, by constructing a particular class of qutrit-to-qutrit channels, we show that there exists a strict gap between the entanglement-assisted zero-error capacity and the quantum Lovász number. Interestingly, for this class of quantum channels, the quantum generalization of fractional packing number is strictly larger than the zero-error capacity assisted with feedback or no-signalling correlations, which differs from the case of classical channels.
I. INTRODUCTION
A fundamental problem of information theory is to determine the capability of a communication channel to deliver messages from the sender to the receiver. While the conventional information theory focuses on sending messages with asymptotically vanishing errors [1] , Shannon also investigated this problem in the zero-error setting and described the zero-error capacity of a channel as the maximum rate at which it can be used to transmit information with a zero probability of error [2] . Zero-error information theory [2, 3] concerns the asymptotic combinatorial problems, most of which are difficult and unsolved.
Recently the zero-error information theory has been studied in the quantum setting and many new phenomena were observed. One remarkable result is the super-activation of the zero-error classical/quantum capacities of quantum channels [4] [5] [6] [7] [8] . Another important result is that, for some classical channels, quantum entanglement can be used to improve the zero-error capacity [9, 10] , while there is no such advantage for the normal capacity [1] . Furthermore, there are more kinds of capacities when considering auxiliary resources, such as the shared entanglement [4, [9] [10] [11] [12] [13] [14] , the no-signalling correlations [15] [16] [17] [18] [19] [20] [21] [22] , and the feedback assistance [2, 23] . All of these capacities are only partially understood, and the zero-error information theory of quantum channels seems more complex than that of classical channels.
To study the zero-error communication via quantum channels, the so-called "noncommutative graph theory" was introduced in [11] . The non-commutative graph (an object based on an operator system) associated with a quantum channel fully captures the zero-error communication properties of this channel [11] , thus playing a similar role to confusability graph in the * Electronic address: xin.wang-8@student.uts.edu.au † Electronic address: runyao.duan@uts.edu.au ‡ A preliminary version of this paper was presented as a contributed talk at the 16th Asian Quantum Information Science Conference (AQIS'16).
classical case. It is well-known that the zero-error capacity is extremely difficult to compute for both classical and quantum channels [24] . Nevertheless, the zero-error capacity of a classical channel is upper bounded by the Lovász number [25] while the zero-error capacity of a quantum channel is upper bounded by the quantum Lovász number [11] . Furthermore, the entanglementassisted zero-error capacity of a classical channel is also upper-bounded by the Lovász number [11, 27] , and this result can be generalized to quantum channels by using the quantum Lovász number [11] .
A more general problem is the simulation of a channel, which concerns how to use a channel N from Alice (A) to Bob (B) to simulate another channel M also from A to B [28] . Shannon's noisy channel coding theorem determines the capability of any noisy channel N to simulate a noiseless channel [1] and the reverse Shannon theorem was proved in [29] . The quantum reverse Shannon theorem was proved recently [30, 31] , which states that any quantum channel can be simulated by an amount of classical communication equal to its entanglement-assisted capacity assisted with free entanglement. In the zero-error setting, there is a kind of reversibility between the zero-error capacity and simulation cost in the presence of no-signalling correlations [16] . More recently, the no-signalling-assisted (NS-assisted) zero-error simulation cost of a quantum channel was introduced in [17] .
An intriguing open problem in zero-error information theory is whether the entanglementassisted zero-error capacity always coincides with the quantum Lovász number for a classical or quantum channel, which is frequently mentioned in [10, 11, 16, 27, 32, 33] . If they are equal, it will imply that the entanglement-assisted zero-error capacity is additive, while the unassisted case is not [34] .
In this paper, we resolve the above open problem for quantum channels. To be specific, we construct a class of qutrit-to-qutrit channels for which the quantum Lovász number is strictly larger than the entanglement-assisted zero-error capacity. We utilize the one-shot NS-assisted zero-error capacity and simulation cost to determine the asymptotic NS-assisted zero-error capacity in this case, which is potentially larger than the entanglement-assisted zero-error capacity. An interesting fact is that this class of channels are reversible in a strong sense. To be specific, for this class of channels, the one-shot NS-assisted zero-error capacity and simulation cost are identical. We then give a closed formula for the quantum Lovász number for this class of channels, and use it to conclude that there is a strict gap between the quantum Lovász number and the entanglementassisted zero-error capacity. For this class of channels, we also find that the quantum fractional packing number is strictly larger than the feedback-assisted or NS-assisted zero-error capacity, while these three quantities are equal to each other for any classical channel [16] .
II. PRELIMINARIES
In the following, we will frequently use symbols such as A (or A ′ ) and B (or B ′ ) to denote the (finite-dimensional) Hilbert spaces associated with Alice and Bob, respectively. The set of linear operators over A is denoted by L(A). A quantum channel N from A to B is simply a completely positive and trace-preserving (CPTP) linear map from L(A) to L(B), with a Choi-Kraus operator sum representation
Such space is alternatively called "non-commutative bipartite graph" since it determines the zeroerror capacity of a quantum channel in the presence of noiseless feedback [23] , which plays a similar role to the bipartite graph of a classical channel. The Choi-Jamiołkowski matrix of N ∶
, where A and A ′ are isomorphic Hilbert spaces with respective orthonormal basis { i⟩ A } and { j⟩ A ′ }, Φ⟩ = ∑ i i⟩ A i⟩ A ′ and id A is the identity map. We denote P AB as the projection onto the support of J AB , which is the subspace (1 ⊗ K) Φ⟩. The non-commutative graph [11] of N is defined by the operator subspace
where
. The one-shot zero-error capacity of a quantum channel N is the maximum number of inputs such that the receiver can perfectly distinguish the corresponding output states. The output states can be perfectly distinguished if and only if they are orthogonal. This one-shot zero-error capacity can be equivalently defined as the independence number α(S) of the non-commutative graph [11] of N , i.e., the maximum size of a set of orthogonal unit vectors
The zero-error capacity is given by regularization of α(S), i.e.,
Throughout this paper, log denotes the binary logarithm log 2 . The sup in Eq. (1) can be replaced by lim based on the lemma about existence of limits in [35] . The entanglement-assisted independence numberα(S) [11] is motivated by the scenario where sender and receiver share entangled state beforehand and it quantifies the maximum number of distinguishable messages that can be sent via the channel N with graph S when shared entanglement is free. To be specific,α(S) is the maximum integer M such that there exist Hilbert spaces A 0 , B 0 and a state σ ∈ L(A 0 ⊗ B 0 ), and CPTP maps
The entanglement-assisted zero-error capacity of S is given by regularization ofα(S), i.e.,
For any non-commutative graph S < L(A), the quantum Lovász numberθ(S) was introduced as a quantum analog of the Lovász number in [11] . It can be formalized by semidefinite programming (SDP) [11] as follows:θ
where Φ⟩ = ∑ i i⟩ A i⟩ A ′ . Note that SDP can be solved by polynomial-time algorithms [26, 36] in usual and it has many other applications in quantum information theory (e.g., [37] [38] [39] [40] [41] [42] [43] [44] ). More details about SDP can be found in [45] . The dual SDP ofθ(S) is given bỹ
The operator norm R ∞ is defined as the maximum eigenvalue of √ R † R. By strong duality, the optimal values of the primal and dual SDPs ofθ(S) coincide. Furthermore,θ(S) was proved to be an upper bound of C 0E (S) [11] ,
Moreover, for a quantum channel N with non-commutative graph S, the quantum Lovász number of N is naturally given by the quantum Lovász number of S,
The no-signalling correlations arises in the research of the relativistic causality of quantum operations [46] [47] [48] [49] and Cubitt et al. [16] first introduced classical no-signalling correlations into the zero-error communication via classical channels and proved that the fractional packing number of the bipartite graph induced by the channel equals to the zero-error capacity of the channel. Recently, quantum no-signalling correlations were introduced into the zero-error communication via quantum channels in [17] and the one-shot NS-assisted zero-error classical capability (quantified as the number of messages) was formulated as the following SDP:
where P AB denotes the projection onto (1⊗K) Φ⟩. The asymptotic NS-assisted zero-error capacity is given by the regularization:
A remarkable feature of NS-assisted zero-error capacity is that one bit noiseless communication can fully activate any classical-quantum channel to achieve its asymptotic capacity [50] . The zero-error simulation cost of a quantum channel in the presence of quantum no-signalling correlations was introduced in [17] and formalized as SDPs. To be specific, for the quantum channel N with Choi-Jamiołkowski matrix J AB , the NS-assisted zero-error simulation cost of N is given by
and H min (A B) J AB is the so-called conditional min-entropy [51, 52] . By the fact that the conditional min-entropy is additive [51] , the asymptotic NS-assisted zero-error simulation cost is given by
Furthermore, noting that the NS assistance is stronger than the entanglement assistance, the capacities and simulation cost of a quantum channel introduced above obey the following inequality:
where C E is the entanglement-assisted classical capacity [29] .
III. GAP BETWEEN QUANTUM LOVÁSZ NUMBER AND ENTANGLEMENT-ASSISTED ZERO-ERROR CAPACITY
In this section, we are going to show the gap between the quantum Lovász number and the entanglement-assisted zero-error capacity. The difficulty in comparing C 0E and the quantum Lovász number is that there are few channels whose entanglement-assisted zero-error capacity is known. In fact, C 0E is even not known to be computable. The problem whether there exists a gap between them was a prominent open problem in the area of zero-error quantum information theory.
Our approach to the above problem is to construct a particular class of channels and considering the NS-assisted zero-error capacity, which is potentially larger than the entanglement-assisted case. To be specific, the class of channels we use is
This qutrit-qutrit channel N α is motivated in the similar sipirt of the amplitutde damping channel, which exhibits a significant differnece from the classical-quantum channels.
The first Choi-Kraus operator E α annihilates the ground state 0⟩⟨0 :
and it decays the state 1⟩⟨1 to the ground state 0⟩⟨0 :
Meanwhile, E α also transfer the state 2⟩⟨2 to 1⟩⟨1 , i.e., E α 2⟩⟨2 E † α = 1⟩⟨1 . On the other hand, the choice of D α above ensures that
which means that the operators E α and D α are valid Kraus operators for a quantum channel.
The Choi-Jamiołkowski matrix of N α is given by
Then, the projection onto the support of J α is
We first prove that both NS-assisted zero-error capacity and simulation cost of N α are exactly two bits.
Proposition 1 For the channel
Proof First, we show that Alice can trasmit at least 2 bits prefectly to Bob with a single use of N α and the NS-assistance. The approach is to construct a feasible solution of the SDP (6) of the one-shot NS-assisted zero-error capacity. To be specific, suppose that R A = 2(cos 2 α 0⟩⟨0 + 1⟩⟨1 + sin 2 α 2⟩⟨2 ) and
One can simply check that R A ⊗1 B −U AB ≥ 0, Tr A U AB = 1 B and P α (R A ⊗1 B −U AB ) = 0. Therefore, {R A , U AB } is a feasible solution to SDP (6) of Υ(N α ), which means that
Second, we prove that the one-shot NS-assisted simulation cost of N α is at amost 2 bits. We utilize the SDP (9) of one-shot NS-assisted simulation cost and choose
It can be checked that 1 ⊗ T B − J α ≥ 0. Thus, T B is a feasible solution to SDP (9) of Σ(N α ), which means that
Finally, combining Eq. (16), Eq. (18) and Eq. (11), it is clear that
⊓ ⊔ We then solve the exact value of the quantum Lovász number of N α .
Proposition 2 For the channel
Proof We first construct a quantum state ρ and an operator T ∈ S ⊥ ⊗ L(A ′ ) such that 1 ⊗ ρ + T is positive semidefinite. Then, we use the primal SDP (3) ofθ(N α ) to obtain the lower bound of ϑ(N α ).
To be specific, the non-commutative graph of N α is S = span{F 1 , F 2 , F 3 , F 4 } with
Let us choose
and T = T 1 ⊗ T 2 + R, where
It is clear that ρ ≥ 0 and Tr ρ = 1. Also, it is easy to see that for any matrix M ∈ L(A ′ ) and j = 1, 2, 3, 4,
Meanwhile, noticing that Tr(T 1 F j ) = 0 for j = 1, 2, 3, 4, we have
Moreover, it is easy to see that
Then, {ρ, T } is a feasible solution to primal SDP (3) ofθ(N α ). Hence, we have that
On the other hand, we find a feasible solution to the dual SDP (4) ofθ(N α ). It is easy to see that
with
It is easy to see that for any matrix V ∈ L(A ′ ) and j = 1, 2, 3, 4, 5, we have that
Meanwhile, since Tr(Y k M j ) = 0 for k = 1, 2 and j = 1, 2, 3, 4, 5, we have that
It is also easy to check that Y − Φ⟩⟨Φ ≥ 0. Thus, Y is a feasible solution to SDP (4) ofθ(N α ). Furthermore, one can simply calculate that
Therefore,θ
Finally, combining Eq. (32) and Eq. (41), we can conclude that
⊓ ⊔ Now we are able to show a separation between logθ(N α ) and C 0E (N α ).
Theorem 3
For the channel N α (0 < α ≤ π 4), the quantum Lovász number is strictly larger than the entanglement-assisted zero-error capacity (or even with no-signalling assistance), i.e.,
Proof It is easy to see this result from Proposition 1 and Proposition 2. To be specific, we have
⊓ ⊔
IV. GAP BETWEEN QUANTUM FRACTIONAL PACKING NUMBER AND FEEDBACK-ASSISTED OR NS-ASSISTED ZERO-ERROR CAPACITY
A classical channel N = (X, p(y x), Y ) naturally induces a bipartite graph Γ(N ) = (X, E, Y ), where X and Y are the input and output alphabets, respectively. And E ⊂ X × Y is the set of edges such that (x, y) ∈ E if and only if the probability p(y x) is positive. The non-commutative bipartite graph in this case is given by
Shannon first introduced the feedback-assisted zero-error capacity [2] . To be precise, his model has noiseless instantaneous feedback of the channel output back to the sender, and it requires some arbitrarily small rate of forward noiseless communication. For any classical channel with a positive zero-error capacity, he showed that the feedback-assisted zero-error capacity C 0F of a classical channel N is given by the fractional packing number of its bipartite graph [2] :
For any classical bipartite graph, the fractional packing number also gives the NS-assisted zeroerror classical capacity and simulation cost [16] , i.e.,
The quantum generalization of fractional packing number in [17] was suggested by Harrow as
This quantum fractional packing number A(K) has nice mathematical properties such as additivity under tensor product [17] . For any bipartite graph Γ, quantum fractional packing number also reduces to the fractional packing number, i.e.,
Furthermore, for a classical-quantum channel with non-commutative bipartite graph K, it also holds that [17] C 0,NS (K) = log A(K).
However, if we consider general quantum channels, this quantum fractional packing number will exceed the NS-assisted zero-error capacity as well as the feedback-assisted zero-error capacity. An example is the class of channels N α and the proof is in the following Proposition 5. For N α , it is easy to see that the set of linear operators {E † i E j } is linearly independent, which means that N α is an extremal channel [53] . Thus, its non-commutative bipartite graph K α is an extremal graph [17] , which means that there can only be a unique channel N such that
For a general quantum channel, its feedback-assisted zero-error capacity depends only on its non-commutative bipartite graph. And the feedback-assisted zero-error capacity is always smaller than or equal to the entanglement-assisted classical capacity [23] , i.e.,
where C minE (K) is defined by
Considering the fact that C 0,NS (K) ≤ C minE (K) ≤ S 0,NS (K) [23] , it is easy to see that C minE (K α ) is exactly two bits from Proposition 1.
Lemma 4 For non-commutative bipartite graph
, the quantum fractional packing number is given by
Proof Let us choose R A = (2 − sin 2 α) 0⟩⟨0 + x 1⟩⟨1 , then
Therefore, R A is a feasible solution to the primal SDP of A(N α ), which means that
Similarly, it is easy to check that T B = (2 − sin 2 α) 1⟩⟨1 + (1 + cos −2 α) 2⟩⟨2 is a feasible solution to the dual SDP of A(N α ). Therefore,
Hence, we have that A(N α ) = 2 + cos 2 α + cos −2 α. ⊓ ⊔ Now, we are able to show the separation.
Proposition 5 For non-commutative bipartite graph
Proof For general non-commutative bipartite graph K, it holds that C 0F (K) ≤ C min E (K) [23] . Then, by Proposition 1 and Lemma 4, we have
From Proposition 1 and Lemma 4, it is also clear that C 0,NS (K α ) < log A(K α ). ⊓ ⊔
V. DISCUSSIONS
Interestingly, for the channel N α , its quantum fractional packing number is equal to its quantum Lovász number. Let us recall that the Lovász number of a classical graph G has an operational interpretation [17] as
where the minimization is over classical-quantum graphs K and S G is non-commutative graph associated with G. A natural and interesting question is that for the non-commutative graph S, do we haveθ
The non-commutative bipartite graph of N α might be such an interesting example since Proposition 2 and Lemma 4 imply thatθ(N α ) = A(K α ).
It remains unknown whether the Lovász number coincides with C 0E for every classical channel. For any confusability graph G, a variant of Lovász number called Schrijver number [54, 55] was proved to be a tighter upper bound on the entanglement-assisted independence number than the Lovász number [32] . However, it remains unknown whether Schrijver number will converge to the Lovász number in the asymptotic limit. Note that a gap between the Lovász number and the regularized Schrijver number would imply a separation between C 0E (G) and ϑ(G). Moreover, it would be interesting to consider how to estimate the regularization of a sequence of semidefinite programs (or linear programs).
VI. CONCLUSIONS
In summary, we have shown that there is a separation between the quantum Lovász number and the entanglement-assisted zero-error classical capacity. We have explicitly exhibited a class of quantum channels for which the quantum Lovász number is strictly larger than the entanglementassisted zero-error capacity. In particular, we have obtained the reversibility of these channels in the zero-error communication and simulation setting when assisted with quantum no-signalling correlations.
For any classical channel with a positive zero-error capacity, it is known that the feedbackassisted or NS-assisted zero-error capacity are both equal to the fractional packing number. In contrast, for quantum channels, we have shown that the feedback-assisted or the NS-assisted zero-error capacity is not given by the quantum fractional packing number in [17] . It also raises a new question to explore other quantum extensions of the fractional packing number.
